Vectors are mathematical representations of distance and direction information that take the form of line segments where length represents distance and orientation in space represents direction. Vector-based models have proven beneficial in understanding the spatial behavior of a variety of species in tasks that require landmark-based navigation via vector addition and vector averaging to determine a location. Extant research regarding vector-based representational and computational accounts of landmark-based navigation has involved tasks that required solving for one unknown (i.e., a location). Using a novel landmark-based navigation task, we provide evidence consistent with a form of vector algebra that involves solving two simultaneous equations with two unknowns in order to determine a location in space. Results extend vector-based accounts of landmark-based navigation and provide a novel methodological approach to the testing of mobile organisms.
Living organisms are faced with many challenges in their struggle for survival and reproduction, and these physical challenges pose many cognitive demands (for reviews, see Shettleworth, 1998; Wasserman & Zentall, 2006) . For example, some mobile organisms are faced with such challenges as returning to a nest or food site, avoiding predators, and securing and/or protecting territories. Given the numerous and often complex spatial relationships that exist in the environment, an ability to represent these spatial relationships during navigation has been suggested as one mechanism for dealing with these physical challenges faced by mobile organisms (for a review, see Healy, 1998 ; see also Gallistel, 1990) .
Vectors are mathematical representations of distance and direction information that take the form of line segments where length represents distance and orientation in space represents direction, and vector-based models of navigation have provided one way for understanding the spatial behavior of mobile organisms (for a review, see Healy, 1998) . Specifically, vector-based models of navigation have proven useful in understanding the spatial behavior of species such as nutcrackers (Kamil & Jones, 1997 , 2000 , pigeons (Cheng, 1989; Spetch, Rust, Kamil, & Jones, 2003) , dogs (Fiset, 2007) , gerbils (Collet, Cartwright, & Smith, 1986) , and human children and adults (MacDonald et al., 2004; Spetch, Cheng, & MacDonald, 1996; Spetch et al., 1997; Spetch & Parent, 2006 ; for reviews, see Cheng & Spetch, 1998; Spetch & Kelly, 2006) in tasks that require landmark-based navigation. For example, spatial relationships that exist in the physical world can be understood in vector-based terminology such as self-tolandmark vectors, self-to-goal vectors, landmark-to-goal vectors, and landmark-to-landmark vectors.
Such vector-based models provide a framework for vector computations during navigation (Cheng, 1988 (Cheng, , 1989 (Cheng, , 1990 (Cheng, , 1994 Fiset, 2007 Fiset, , 2009 Spetch & Parent, 2006 ; for a review, see Cheng & Spetch, 1998) . Specifically, returning to a location can be understood in terms of perceived self-to-landmark vectors from individual landmarks and remembered landmark-to-goal vectors (Cheng, 1989) . Using vector addition, these perceived and remembered vectors can be utilized to compute navigation vectors, and, using vector averaging, these navigation vectors can be utilized to compute weighted averages (Cheng, 1989) . As a result, an actual path traveled to a location can be understood in terms of a weighted average of navigation vectors computed from the addition of perceived current self-to-landmark vectors and remembered landmark-to-goal vectors (for a review, see Cheng & Spetch, 1998 , cf., Cheng & Sherry, 1992 .
Extant vector-based models of navigation have been successful at understanding the spatial behavior in landmark-based tasks that require solving for one unknown (i.e., a location); to our knowledge, however, such vector-based models have not been applied to situaBradley R. Sturz and S. Paul Cooke, Armstrong Atlantic State University; Kent D. Bodily, Georgia Southern University.
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Correspondence concerning this article should be addressed to Bradley R. Sturz, Department of Psychology, Armstrong Atlantic State University, 229 Science Center, 11935 Abercorn Street, Savannah, GA 31419. E-mail: bradley.sturz@armstrong.edu tions that involve the possibility for more complex vector computations. Specifically, under appropriate task conditions, represented vectors could be utilized via a form of vector algebra such that encoded landmark-to-goal vectors and landmark-to-landmark vectors could be used to solve a set of two simultaneous equations with two unknowns. If landmark-to-goal vectors specify a location (i.e., x) between two landmarks A and B such that:
and a landmark-to-landmark vector between two landmarks B and C are specified to each other such that:
Given landmarks:
A and C Solving for landmark B results in the solution to the location as:
In the present study, we provided conditions concerning spatial relationships under which landmark-to-goal and landmark-tolandmark vectors could be utilized in a form of vector algebra to solve a set of simultaneous equations with two unknowns in order to determine a spatial location. Specifically, we trained two groups of human participants to first learn a spatial relationship between two landmarks (A and B) by rewarding responding in the middle of two landmarks regardless of their orientation or location (i.e., Ax ϭ -Bx). Next, one group of participants (Consistent group) was presented with a second spatial relationship between landmarks B and C such that these landmarks were always in a consistent spatial relationship to each other regardless of their location (i.e., B ϭ C ϩ Constant). In contrast, another group (Inconsistent group) was presented landmarks B and C in independently random locations such that these landmarks were never in a consistent spatial relationship to each other (i.e., B C). During test trials, we presented landmarks A and C to both groups. To the extent that participants in the Consistent group learned the spatial relationship between landmarks B and C and could infer the spatial location of landmark B from the location of landmark C (i.e., could solve for the unknown of landmark B), an ability to successfully locate the goal on test trials could be accounted for in vector-based terminology (i.e., the solution of the above equation to determine the location).
Given the absence of a spatial relationship between landmarks B and C for participants in the Inconsistent group, a form of vector algebra could not be utilized to determine the location because of an inability to solve for landmark B; as a result, the inability of participants in the Inconsistent group to successfully locate the goal on test trials could also be accounted for in vector-based terminology (i.e., no solution to the above equation). Should participants in the Consistent group be successful and participants in the Inconsistent group be unsuccessful in determining the goal location during test trials, we suggest that their behavior can be understood as a form of vector algebra expressed in the above vector-based terminology. However, we acknowledge that other (i.e., non-vector-based) models of learning may be capable of explaining successful determination of the goal location during test trials. As a result, the Inconsistent group served to control for any other possible effective strategies that could be utilized to successfully locate the goal. It is important to note that our novel procedure allowed us to repeatedly present novel test trials. As a result, whatever cognitive mechanism or mechanisms are responsible for successfully determining the goal location, we were able to reward the use of such cognitive processes once they occurred and track their development across presentations of test trials.
Method Participants
A total of 48 (Armstrong Atlantic State University) undergraduate students (36 females and 12 males) completed the experimental protocol. Participants received extra class credit.
Apparatus
An interactive three-dimensional virtual environment was constructed and rendered using Valve Hammer Editor and run on the Half-Life Team Fortress Classic platform. A personal computer, 21-inch flat-screen liquid crystal display (LCD) monitor, gamepad, and speakers served as the interface with the virtual environment. The monitor (1152 ϫ 864 pixels) provided a first-person perspective of the virtual environment. The joystick, 1 (forward), 2 (backward),4 (left), and 3 (right), and a button on the gamepad navigated within the environment. Speakers emitted auditory feedback. Experimental events were controlled and recorded using Half-Life Dedicated Server on an identical personal computer.
Stimuli
Dimensions are length ϫ width ϫ height and measured in virtual units (vu). The virtual environment (1050 ϫ 980 ϫ 416 vu) contained 25 raised bins (86 ϫ 86 ϫ 38 vu) arranged in a 5 ϫ 5 matrix (see Figure 1 ). Three objects served as landmarks: landmark A [a blue pyramid (48 ϫ 48 ϫ 85 vu)], landmark B [a red cylinder (48 ϫ 48 ϫ 85 vu)], and landmark C [a pink rectangle (48 ϫ 48 ϫ 85 vu)]. The room was illuminated by a light source centered 64 vu below the ceiling. All walls were black with the exception of the wall opposite the start location which was brown (see Figure 1 ).
Procedure
Participants experienced two training phases and one test phase. Participants were informed to "locate the bin that transports you to the next room." To jump into a bin, participants simultaneously moved forward (1) and jumped (gamepad button). Auditory feedback indicated a jump occurred ("huh" sound). Selection of the goal bin resulted in auditory feedback ("transport" sound from Super Mario Bros. video game), a 1s intertrial interval (ITI) in which the monitor was black, and progression to the next trial. Selection of any nongoal bin resulted in different auditory feedback ("game over" sound from Super Mario Bros.) and required participants to jump out of the current bin and continue searching.
Training. Participants were randomly assigned to one of two groups: Consistent or Inconsistent. Number and gender of participants were balanced across groups. The group name reflects the relationship between landmarks B and C (red cylinder and pink rectangle) presented during Random trials (see below and Figure  1 ). Training consisted of two phases. Each phase consisted of 24 trials. For each trial of each phase, the location of the goal was randomly assigned to one of the 25 bins.
Phase 1 consisted of 24 Middle-Rule trials. For Middle-Rule trials, landmarks A (i.e., the blue pyramid) and B (i.e., the red cylinder) were randomly positioned to be aligned vertically, horizontally, or diagonally of the goal location such that one, three, or five bins were located in between the landmarks (see Figure 1 ). Which landmark was located North, South, East, or West of the goal location was also randomized. The goal location was always located in the bin in the middle of these two landmarks [therefore, Ax ϭ ϪBx (where A and B are landmarks and x is the goal)]. For illustrative purposes, "G" denotes the goal locations and "Start" denotes the location that participants started each trial. Also, for illustrative purposes, the dashed lines connecting the landmarks during test and Random trials were used to operationally define "middle" locations (see Evaluation of Alternative Explanation in Results section for details). Please note that participants experienced all trials from a first-person perspective.
Phase 2 consisted of 24 trials arranged in eight 3-trial blocks. Each block contained a Middle-Rule trial, a Random trial, and a Middle-Rule trial. As a result, there were 16 total Middle-Rule trials and eight total Random trials. For Random trials, the landmarks themselves did not bear any spatial relationship to the goal location. As a result, participants were forced to locate the goal location by trial-and-error. It is important to note, however, that the relationship of landmarks B and C to each other was always consistent (Landmark B was always located 1.5 bins North of landmark C; therefore, B ϭ C ϩ 1.5 bins North) for the Consistent group or inconsistent (landmarks B and C were randomly assigned to a location independently of each other; therefore B C) for the Inconsistent group (see Figure 1) .
Testing. Testing consisted of 24 trials arranged in eight 3-trial blocks. Each block contained a Middle-Rule trial, a Random trial, and one test trial. As a result, there were eight total trials of each type presented during testing. For Middle-Rule and Random trials, the locations of the goal and landmarks were determined as described above in Training. On test trials, landmarks A and B were positioned as described above in training for Middle-Rule trials and then landmark C was positioned as described above in Random trials for the Consistent group. After landmarks had been positioned in this manner, landmark B was removed leaving only landmarks A and C present on test trials (see Figure 1) . As a result, a form of vector algebra to solve for the unknowns of B and the goal location could be used to determine the goal location on test trials. In other words, participants needed to respond to the middle of the location specified by landmark A and the inferred location of landmark B.
Results
To determine the extent to which participants learned the spatial relationships between landmarks and the extent to which they learned to successfully locate the goal location during test trials, we analyzed the proportion of first responses to the goal location (i.e., correct responses) for each trial type presented during Testing.
Middle-Rule trials. As shown in Figure 2 (top panel), participants in both groups responded to the goal location on their first choice exclusively during the Middle-Rule trials. Such a result indicates that participants learned the spatial relationship between these landmarks and the goal location (e.g., Ax ϭ -Bx). These results were confirmed by a two-way mixed analysis of variance (ANOVA) on mean proportion of correct first responses with Group (Consistent, Inconsistent) and Block (1-4) as factors and revealed no main effects or interactions, Fs Ͻ 1.5, ps Ͼ.22. In addition, all blocks were above chance (i.e., 1/25 ϭ 0.04) performance, one-sample t tests, ts(47) Ͼ 36, ps Ͻ .001. Moreover, all blocks were not significantly different from perfect (i.e., 1.0) performance, one-sample t tests, ts(47) Ͻ 1.7, ps Ͼ .1.
Random trials. As expected, in the absence of any landmarkgoal spatial relationship, participants in both groups responded at chance levels during Random trials (Figure 2, middle panel) . These results were confirmed by a two-way mixed ANOVA on mean proportion of correct first responses with Group (Consistent, Inconsistent) and Block (1-4) as factors and revealed no main effects or interactions, Fs Ͻ 1.7, ps Ͼ.18. In addition, all blocks were not significantly different from chance (i.e., 1/25 ϭ 0.04) performance, one-sample t tests, ts(47) Ͻ 1.4, ps Ͼ .19. Figure 2 (bottom panel), participants in the Inconsistent group remained at chance performance throughout repeated presentations of test trials; however, the performance of the Consistent group improved. These results were confirmed by a twoway mixed ANOVA on mean proportion of correct first responses with Group (Consistent, Inconsistent) and Block (1-4) as factors and revealed a main effect of Group F(1, 46) ϭ 8.59, p Ͻ .01, a main effect of Block F(3, 138) ϭ 6.36, p Ͻ .001, and a significant Group ϫ Block interaction, F(3, 138) ϭ 7.57, p Ͻ .001. The source of the interaction was due to equivalent responding by both groups in Block, but differences in performance for the remaining blocks. The Consistent group's performance improved across blocks, but there was no change in performance by the Inconsistent group. For the Consistent group, Block 1 was not significantly different from chance (0.04), t(23) ϭ 0.63, p Ͼ .5, but Blocks 2-4 were significantly greater than chance, ts(23) Ͼ 3.7, ps Ͻ .01. However, for the Inconsistent group, Blocks 1-4 were not significantly different from chance performance ts(23) Ͻ 1.9, ps Ͼ.07.
Test trials. As shown in
Evaluation of alternative explanation. One alternative explanation of the obtained differences between the groups during test trials that need not appeal to vector-based terminology relates to the possibility of differential generalization of middle responding across groups to the A and C landmarks (i.e., test trials). Specifically, participants in the Consistent group may have been more likely to apply a middle response in the presence of landmarks A and C compared to that of the Inconsistent group due to the possibility of an extinction of middle responding during Random trials for participants in the Inconsistent group compared to those in the Consistent group. More specifically, during initial Random trials, participants in both groups may have attempted to apply middle responding to landmarks B and C. Given the nature of the experimental design, participants in the Consistent group would have been relatively less able to make such a response compared to that of the Inconsistent group. As a result, generalization of middle responding would be placed on extinction to a greater extent in the Inconsistent group compared to that of the Consistent group. In short, such differential influence of the extinction of middle responding during Random trials may have made participants in the Consistent group relatively more likely to generalize middle responding to test trials (and therefore allowed them to initially search near the goal location). Such relative increased likelihood to respond near the goal location may have facilitated the learning of a solution to the test trials. Conversely, those in the Inconsistent group were relatively less likely to generalize middle responding to test trials (and therefore precluded them from initially searching near the goal location). Such a relative decreased likelihood to respond near the goal location may have hindered the learning of a solution to the test trials.
In order for such an alternative explanation based upon differential generalization and differential extinction to explain the differences between the groups during test trials, two conditions must be met: (a) initial responses during the first test trial would need to be allocated to locations defined as "middle" to a greater extent for the Consistent group compared to the Inconsistent group, and (b) responses during Random trials would need to be allocated to locations defined as "middle" at an above chance level and rapidly decrease to chance for the Inconsistent group but not for the Consistent group. As a result, a difference in the generalization of middle responding across groups during the first test trial and a difference in the extinction of middle responding across groups during Random trials would provide evidence to support such an alternative explanation.
To explore such possibilities, we analyzed the proportion of first responses to locations defined as "middle" for both groups during the first test trial (during Testing) and first two Random trials (i.e., the initial exposure to the random trials during Phase 2). Given the experimental design, there was often no single bin present in the "middle" of the landmarks during either test or Random trials. To provide this alternative explanation of current results based upon differential generalization and differential extinction of middle responding the best opportunity for success, we adopted a liberal definition of "middle." First, we drew a hypothetical line that connected landmarks A and C during the first test trial and a hypothetical line that connected landmarks B and C during the first two Random trials of Phase 2 (see Figure 1 for examples) . Next, for test trials, we defined "middle" responses as those that occurred to bins that were located on the hypothetical line connecting landmarks A and C. For Random trials of the Consistent group, we defined "middle" responses as those that occurred to the bin or bins that were located East and/or West of the hypothetical line connecting landmarks B and C. For the Inconsistent group, we defined middle responses as those that occurred to any of the bins that were located on the hypothetical line connecting landmarks B and C.
This definition of middle resulted in test trials containing anywhere from one to five possible bins between landmarks A and C. As a result, we calculated chance responding to these middle locations as the average [(1 ϩ 2 ϩ 3 ϩ 4 ϩ 5)/5 ϭ 3]. In the presence of the 25 total bins per trial, this translates into a chance proportion of .12 (3/25). During Random trials presented to the Consistent group, this definition of middle contained one bin on some trials and two bins on others. As a result, we also calculated chance responding to middle locations as the average [(1 ϩ 2)/2 ϭ 1.5]. This translates into a chance proportion of .06 (1.5/25). During Random trials presented to the Inconsistent group, this definition of middle contained anywhere from one bin on some trials and up to five bins on others. We also calculated chance responding to these middle locations as the average [(1 ϩ 2 ϩ 3 ϩ 4 ϩ 5)/5 ϭ 3]. This translates into a chance proportion of .12 (3/25).
During the first test trial, the Consistent group (63%) and the Inconsistent group (50%) allocated responses to locations defined as middle significantly above that which would be expected on the basis of chance (i.e., 0.12 for both groups), (1, N ϭ 24) ϭ 32.82, p Ͻ .001, respectively. In addition, the proportion of responses to these locations did not differ across groups, binomial test, z ϭ 0.88, p Ͼ .37. During the first Random trial, the Consistent group (92%) allocated responses defined as middle significantly above that which would be expected on the basis of chance (i.e., 0.06),
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(1, N ϭ 24) ϭ 312.29, p Ͻ .001, but during the second Random trial (0%), allocation of responses was not significantly different from that which would be expected by chance,
(1, N ϭ 24) ϭ 1.53, p Ͼ .21. During the first Random trial, the Inconsistent group (79%) also allocated responses to locations defined as middle significantly above that which would be expected on the basis of chance (i.e., 0.12),
(1, N ϭ 24) ϭ 102.53, p Ͻ .001, but during the second Random trial (13%), allocation of responses was also not significantly different from that which would be expected by chance,
(1, N ϭ 24) ϭ 0.01, p Ͼ .9. Moreover, the proportion of responses to these locations defined as middle during Random Trial 1 and Random Trial 2 did not differ across groups, binomial tests, z ϭ 1.25, p Ͼ .21 and z ϭ Ϫ1.85, p Ͼ .06, respectively.
These results suggest that neither condition of an alternative explanation based upon differential generalization or differential extinction was met: (a) middle responding generalized to the first test trial equally for both groups, and (b) middle responding during initial random trials generalized and rapidly extinguished equally for both groups. We suspect that generalization of middle responding to the first test trial at equivalent levels for both groups was a result of both groups receiving continuously interspersed Middle-Rule trials throughout the experimental task and a lack of an opportunity for both groups for middle responding to extinguish in the presence of landmark A. In short, to the extent that generalization then extinction of middle responding occurred during initial Random trials or to the extent that middle responding was generalized to the first test trial, these processes were operating equally on both groups. As a result, neither a differential generalization of middle responding to test trials nor a differential extinction of middle responding during initial Random trials appears able to explain the obtained differences between the groups during testing.
Discussion
Collectively, we interpret these results to suggest that participants' behavior during test trials in the Consistent group can be accounted for using a form of vector algebra to solve two simultaneous equations with two unknowns in order to determine a spatial location. Specifically, their behavior can be understood in terms of a learned spatial relationship between landmarks B and C during Random trials (e.g., B ϭ C ϩ Constant), an inferred spatial relationship of landmark B from its spatial relationship to landmark C during test trials, and application of a learned spatial relationship between landmarks A and this inferred location of landmark B to successfully locate the goal (i.e., solving for the location of landmark B given landmark C and then solving for the goal location). Given the absence of any spatial relationship between landmarks B and C for participants in the Inconsistent group, their inability to determine the goal location during test trials can also be accounted for using vector-based terminology (i.e., inability to solve for the location of landmark B given landmark C).
Present results extend prior research and theory concerning vectorbased representational and computational models of navigation (for a review, see Healy, 1998 ; see also Gallistel, 1990) . In addition to understanding spatial behavior in tasks that involve solving for one unknown via vector addition and vector averaging (e.g., Cheng, 1989) , vectors can be utilized to understand the spatial behavior in tasks that require the solution of two unknowns via vector algebra. Together with extant evidence that the behavior of pigeons (Spetch, Rust, Kamil, & Jones, 2003; Sturz & Katz, 2009 ), nutcrackers (Kamil & Jones, 1997 , 2000 , rats (Brown & Terrinoni, 1996) , gerbils (Collet, Cartwright, & Smith, 1986) , dogs (Fiset, 2009) , human children (Spetch & Parent, 2006) , and adults (Spetch, Cheng, & MacDonald, 1996; Spetch et al., 1997) are capable of learning complex spatial relationships (for reviews, see Brown, 2006; Cheng & Spetch, 1998; Spetch & Kelly, 2006) , the current results add to growing evidence that complex spatial relationships are learned during navigation and that the learning of such complex spatial relationships can be understood via vector-based models of navigation. Regardless of whether or not the unique demands of navigation fashioned these actual vectorbased representational and computational cognitive abilities to cope with the numerous and often complex spatial relationships that exist in nature, vector-based models of navigation appear to be viable approaches to understanding complex spatial behavior.
In conclusion, we have provided evidence that a form of vector algebra can be used to understand the spatial behavior of adult human participants that involves solving two simultaneous equations with two unknowns in order to determine a location in space. Although formal education may play a role in the ability of human participants to successfully solve the current task, such a conclusion would need verification from additional empirical research on other populations. Regardless of whatever cognitive mechanism or mechanisms may be operating to successfully determine the goal location under the current task conditions, we have provided a novel methodological approach to the testing of mobile organisms that involves solving for two unknowns. Continued exploration of spatial behavior in such a landmark-based search task may assist in illuminating the mechanisms underlying landmark-based navigation and in determining the extent to which such cognitive complexity may be a species-specific, species-general, domain-specific, or domain-general process and illuminate whether environmentally diverse pressures fashioned qualitatively similar evolved cognitive mechanisms to adapt to common environmental problems (Bitterman, 1975 (Bitterman, , 2000 .
